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Abstract 

In this paper we show that the Plebanski theory of gravity implies a 
theory dual to the Ashtekar variables where the antiself-dual Weyl cur- 
vature is the fundamental momentum space variable. The dual theory 
implies the Einstein equations modulo the initial value constraints, and 
appears to be consistent in the Dirac sense. Using the dual theory we 
have obtained a reduced phase space for gravity through implementa- 
tion of the initial value constraints. Additionally we have computed the 
classical dynamics and have performed a quantization on this space, 
constructing a Hilbert space of states for vanishing cosmological con- 
stant. Finally, we have clarified the canonical structure of the dual 
theory in relation to the Ashtekar theory. 
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1 Introduction 



The canonical formulation of the metric representation of general relativity 
produces a totally constrained system as a consequence of diffeomorphsim 
invariance. The Hamiltonian consists of a linear combination of first class 
constraints = (H, Hi), respectively the Hamiltonian and diffeomorphism 
constraints. These constraints i?^ have thus far turned out to be intractable 
in the metric representation due to their nonpolynomial structure in the 
basic variables. A major development occured in 1988 with the introduction 
of the Ashtekar variables (see e.g. [1],[2],[3]), which led to the simplification 
of the initial value constraints into polynomial form. The Ashtekar variables 
can be seen as a result of enlarging the metric phase space Q,, essentially 
by embedding it into the phase space of a SO{3) Yang-Mills theory. A 
remnant of this embedding is the inclusion of the Gauss' law constraint Ga 
in the list of constraints i/^ — ^ {H^,Ga)- The projection to the constraint 
shell has been problematic in the full theory also in the Ashtekar variables 
due to the presence of this additional constraint Ga^ In the attempt to 
express the Ashtekar theory in covariant form it was shown by Jacobson et. 
al. in [4], [5], and [6] that the Ashtekar formulation of GR is essentially 
the 3+1 decomposition of an action where self-dual two forms are the basic 
variables. One also has the Ashtekar connection as well as the antisclf-dual 
part of the Weyl curvature tensor as variables, the latter regarded as an 
auxilliary field. This covariant form of the Ashtekar action as noted was 
actually discovered earlier by Plebanski (See e.g. [7]), and the equations of 
motion of the Plebanski theory imply the Einstein equations. 

In this paper we will show that there are actually two theories of gravity 
which can arise from the starting Plebanski theory. One of these theories 
is the Ashtekar theory, which has been well studied in the literature. The 
second theory to the best of the author's knowledge appears to be unknown, 
and will be referred to in this paper as the 'dual' theory. This theory is dual 
to the Ashtekar theory in a sense that we will make precise in this paper. 
The organization of this paper is as follows. Section 2 provides a review 
of the Plebanski theory of gravity, and shows the manner in which the 
Ashtekar formulation is obtained by elimination of the CDJ matrix. The 
CDJ matrix is the antiself-dual part of the Weyl curvature expressed as 
a 3 by 3 matrix, and in the Plebanski formulation is regarded as an auxilliary 
field. In section 3 wo d(TiA'c the dual theory, which eliminates the Ashtekar 

^The spin network states of loop quantum gravity solve the Gauss' law constraint by 
construction, and provide a kinematic Hilbert i/xin space for GR. However, they have 
not yet to the author's knowledge been shown to solve the Hamiltonian constraint, which 
encodes the dynamics of the theory. Still, many insights have resulted from the application 
of the Ashtekar variables at the classical and at the quantum level. 
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densitized triad a* from the starting Plebanski theory in favor of the CDJ 
matrix ^ae- In the dual theory it is which is now the momentum space 
variable, with the remaining Ashtekar variables along with their physical 
interpretations left intact. Having changed the canonical structure of the 
theory, we verify closure of the algebra of constraints on the phase space 
of the dual theory. The final results of this algebra are provided, though 
the details of the calculation and their physical interpretation have been 
relegated to a separate paper [8] for considerations of brevity. A main result 
is that the Hamiltonian constraint forms a subalgebra. This is different from 
the case in the Ashtekar theory, and allows for the possibility to eliminate 
the kinematic constraints {Hi,Ga) by Dirac brackets while preserving Dirac 
consistency. The implication is that one may now obtain a reduced phase 
space constrained by the dynamics only of the Hamiltonian constraint (e.g. 
the kinematic phase space) and perform a quantization of this space. 

In section 4 we perform a reduction to the kinematic phase space of the 
dual theory, defined as the phase space after implementation of the diffeo- 
morphism and Gauss' constraints and prior to the Hamiltonian constraint. 
We compute the Lagrangian and Hamiltonian dynamics on this space, in- 
cluding the verification of the closure of the Hamiltonian constraint algebra. 
It is clear that the momentum space of the dual theory is naturally adapted 
to the implementation of the initial value constraints.^ In section 5 we re- 
produce the Einstein equations, using the dual theory as the starting point. 
More precisely, we show that the Einstein equations follow in the same sense 
that the original Plebanski theory implies the Einstein equations, but now 
modulo the initial value constraints. The implication for the dual theory is 
that the solution to the Einstein equations is directly linked to the solution 
of the initial value constraints. In this section we show that the canonical 
structure of the dual theory is different from that of the Ashtekar variables 
for generic phase space configurations. For the remainder of the sections to 
follow we specialize to the case of a vanishing cosmological constant. Sec- 
tion 6 computes the Lagrangian and Hamiltonian dynamics on the kinematic 
phase space for A = 0, and as well the dynamics of the spacetime metric. 
The metric in the dual theory is a derived quantity, constructable from a 
CDJ matrix solving the initial value constraints. 

Section 7 performs a quantization of the kinematic phase space for A = 0, 
constructing a Hilbert space of normalizable states solving the Hamiltonian 
constraint. We also provide a prescription for explicitly computing expec- 
tation values and observables. The measure of normalization for the states 

^Thc usual method to obtain the reduced phase space of a constrained system is to 
quotient the constraint surface by the gauge orbits generated by the constraints. But the 
initial value constraints of the dual theory constrain only the momentum part of the phase 
space. This leaves considerable freedom in the selection of the reduced configuration space 
^Kin- A judicious selection of Fxin can be based on the requirement of globally holonomic 
coordinates, which yields quantizable configurations, as shown in [9]. 
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is Gaussian, which is reminiscent of the Bargmann representation on holo- 
morphic functions. Since the wavcfunctions have been constructed on the 
kinematic phase space, then they solve the kinematic constraints by con- 
struction, in addition to the Hamiltonian constraint. The Hilbert space 
thus constructed is the Hilbert space of the dual theory, which arises from 
the Plebanski action and has been shown to imply the Einstein equations. 
The form of the wavcfunctions constructed mimic that of a Hamilton- J acobi 
functional on the reduced phase space, obtained by holographic projection. 
Section 8 establishes the conditions under which the dual theory is canon- 
ically equivalent to the Ashtekar theory. Recall that on the unconstrained 
phase space the two theories are not canonically related. Canonical equiv- 
alence is established precisely upon solution of the initial value constraints 
and projection to the reduced phase space, which we demonstrate in two 
ways. Essentially, the canonical commutation relations of the Ashtekar vari- 
ables transform into affine commutation relations, which in turn transform 
into canonical commutation relations on the kinematic phase space of the 
dual theory upon the re-designation of variables. Since this space is read- 
ily accessible and quantizable in the dual theory, this provides a recourse 
to addressing the aforementioned issues for the Ashtekar variables. In es- 
sense, it is now possible to obtain a quantization of gravity subject to initial 
value constraints. This result extends from the dual to the Ashtekar the- 
ory precisely on nondegenerate configurations. The remainder of section 8 
shows the manner in which the initial value constraints correspondingly map 
between the unconstrained and the physical phase spaces. 
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2 Plebanski theory of gravity 



It has been shown by Plebanski in [7] that general relativity may be written 
using two forms in lieu of the metric as the basic variables. We adapt the 
starting action to the language of the SO{3, C) gauge algebra as 

Ipieb =^ f Sae^"" A - hdaeV + ^ae)S" A E^ (1) 

where ip is a numerical constant. We have defined 50(3, C)-valued two 
forms and curvature two forms F"", given by 



= ^S^^dx'^ A dx"; F" = ^F^Jx" A dx'' . (2) 

The quantity is the curvature two form of an SO{3, C)-valued connection 
one form A"' = A^dx^, written in component form as 



f;, = d^Ai - d^Al + r'^A^Al (3) 

with structure constants /"'"^ = e"'^'^. There are three equations of motion 
resulting from (1). The first equation 



A r 1 

= A - - J-^^ES A Eg = (4) 



implies that the two forms E" can be derived from a set of tetrad one forms 
= ej^dx'^ occuring in a self dual combination 

S« = A e« - ^eafge^ A (5) 

which enforces the equivalence of (1) to general relativity. The volume form 
for the spacetime corresponding to (5) is given by 



^E« A E^ = S^^^d^x, (6) 

which fixes the conformal class of the spacetime metric g^i, = rjijej^ (g) e^. 
The second equation of motion 



= d^g + A A E'* = 0, (7) 



6A9 " ^ ^f^' 
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where D is the exterior covariant derivative with respect to A", states that 
the connection is the self-dual part of the spin connection compatible 
with the tetrad implicit in through (5). Moreover, A"' is uniquely fixed 
by S". The third equation of motion is given by 
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- = = (8) 



where we have defined (for this article we will assume that '^ae is nondegen- 
erate so that its inverse exists) 



= Sae'P + ^ae- (9) 

Equation (8) states that the curvature of A"" is self-dual as a two form, which 
implies that the metric derived from the tetrad one-forms eJ satisfies the 
vacuum Einstein equations. The starting action (1) is equivalent to metric 
general relativity when the equations of motion (4), (7) and (8) are satisfied. 
However, a canonical analysis shows that the theory (1) in its present form is 
a second class constrained system (sec e.g. [10] and [11]), whereas the metric 
theory of gravity is first class due to closure of the hypersurface deformation 
algebra. Note that (1) is expressed in terms of three different fields A", S" 
and ipae, written in component form as 



where e*'^^^ = 1, whereas in metric general relativity there is only one field, 
namely the spacetime metric g^u- This implies that to re-establish the link 
to metric GR, some fields must be eliminated from (10). 



2.1 Derivation of the Ashtekar theory of gravity 

The 3-1-1 decomposition of (10) is given by 

\j dtj^ d'xe'^'^^^Af + A(e'^'S^"fe) + Sg,e^^'= (F?, - , (11) 

where we have integrated by parts, using Fq- = A'^ — D^Aq from the temporal 
component of (3).'^ Let us rename the variables, defining the spatial parts 
as 

^As with the convention of this paper, lowercase symbols from the Latin alphabet 
a,b,c, . . . will denote internal SO{S, C) indices, and those from the middle k, . . . will 

denote spatial indices. 
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(12) 



where B\ is the 50(3,(7) magnetic field. Then (11) becomes^ 

Ipi = j d^j^ A" + ^iDfii + Eg, [Bi - . (13) 

Rather than repeat the canonical analysis of [10] and [11], we will use (4) and 
(5) to redefine the two form components in (13). Making the identification 

4 = leij^e'^'^aia'^ideta)-'/' = Vd^ia-')^, (14) 

we see that a« in (12) takes on the interpretation of a densitized spatial 
triad. In a special gauge = 0, known as the time gauge, the temporal 
components of the two forms (5) are given by 

Sg, = '-Neijke''''^a'^ + eijkN^a'^, (15) 

where N_ = Af(deta)~^/^ and N"^ are a set of four nondynamical fields (See 
e.g. [12],[13]). 

Substituting (15) into (13), we obtain the action 

1 = J dtJ^d'xalA^ + A^Ga-N>'H^[a,A,^. (16) 

The fields Aq and N^^ = {N,N^) are auxilliary fields whose variations yield 
respectively the following constraints. First we have the constraint Ga, given 

by 

Ga = Diai = 0, (17) 
and constraints = {H,Hi) given by 

Hi = EijkN'aiB^ + ei.fe^i?^^'-^ (18) 

and 

*We have omitted a factor of ^ from the action. We will insert this factor when we 
are ready to proceed to the quantum theory. 
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H = (det5)-V2 (^^e,jke''''^alalB^, - ^{tv^-')e,jkeabcalH^^) ■ (19) 

Having redefined the auxilliary fields, (16) is still expressed in terms of 
three variables cr^, Af and '^^e- This situation, which implies the existence 
of second class constraints, can be rectified by eliminating "^^e-: seen as an 
auxilliary field. The result is an action in terms of the variables (a* , Af) 
while preserving the equivalence of (16) to general relativity. This can be 
accomplished by imposition of the following conditions on 

^bae^-^ = 0; tr*-^ = -A (20) 

where A is the cosmological constant. Equation (20) eliminates the antisym- 
metric part of and fixes its trace. The physical interpretation of (20) 
arises from the following decomposition 

*ae'=-^<^ae + V'ae, (21) 

where il^ae is the self-dual part of the Weyl curvature tensor expressed in 
5*0(3,(7) language. The consequence of (20) is that ipae has five D.O.F. at 
the level prior to implementation of the constraint Ga- 

When (20) holds, then \l'^g^ becomes eliminated and equation (16) re- 
duces to the action for general relativity in the Ashtekar variables ([1],[2],[3]) 

I Ash = ^JdtJ^ d^xalAf + A^oDiai 
-eijkN'aiB^, + '-Ne^jkeabcal^, [B^c + f ) , (22) 

where N_ = iV(deta)~^/^ is the lapse density function. The action (22) is 
expressed in terms of two canonically conjugate dynamical variables with 
Poisson bracket relations 

{A1{x,t),di{y,t)} = GS^SiS^'Hx,y), (23) 

and the offending variable "^'^ has been eliminated. The auxilliary fields Aq, 
N and respectively are the SO{3, C) rotation angle, the lapse function 
and the shift vector. Not only is (22) equivalent to metric general relativity, 
modulo reality conditions on the phase space variables, by complex canonical 
transformation, but also the algebra of constraints Ga, H and Hi is first class 
as shown in [2] , [3] . So we will not requote it here. 
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3 The dual theory to Ashtekar's theory 



By imposing the simplicity constraint and eliminating "^^e^ equation (1) 
has been transformed from a second class into a canonically consistent first 
class-constrained theory of general relativity in the Ashtekar variables. Note 
also that cx^ in the original Plcbanski theory was part of an auxilliary field 
S", but upon elimination of "^^^ has now become promoted to the status 
of a dynamical momentum space variable. But this is not the only way to 
eliminate variables. We will show that there exists a theory of gravity based 
on the field ^ae, which is dual to the Ashtekar formulation of gravity, which 
can also be derived directly from (1). Let us, instead of eliminating "^^e^ 
eliminate the densitized triad a* from (16) by enforcing the initial value 
constraints in the Ashtekar variables. Hence returning to the level of (18) 
and (19), re-quoted here for completeness, 

Hi = eijkN'aiB', + e^jkaia',^-,' (24) 

and 

H = {detar'/^ (^6,,fe6«^^5i5^S,^ - ^(tr*-i)e,,-,6„;.,5i5^,a,^) , (25) 

we will impose the Hamiltonian and diffeomorphism constraints from the 
theory based on the Ashtekar variables 

eijkeabcSaalB^ = -^e^jkeabcK^l^c; ^iikH^a = (26) 
Substitution of the second equation of (26) into (24) yields 

Hi = eijkPa^l^i-l (27) 
while substitution of the first equation of (26) into (25) yields 

-^{ti^-%jk€abc^lala'^) = -Vd^(A + tr*-i). (28) 
Hence substituting (27) and (28), into (16), we obtain an action given by 



dt I d^xaiAt + AlDiai 



+eijkN'dial^~^ - iiVVdit5(A + tr^-^). 



(29) 
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But (29) still contains a^, therefore we will completely eliminate cr^ by sub- 
stituting the spatial restriction of the equation of motion (8) 

ai = ^aeBi, (30) 
into (29). This substitution, known as the CD J Ansatz, yields the action^ 

lDual = J dt J^d^X^aeBiA'} + A^BlD.^ae 

+eijkN'BiB^^ae - iN{detB)^/^Vd^ (A + tr^-^) , (31) 

which depends on the CD J matrix "^ae and the Ashtekar connection Af, with 
no appearance of 5* . In the original Plebanski theory ^'^e was an auxilliary 
field which could be eliminated. But in (31) is clearly more than just 
an auxilliary field. As shown in [15], [16] and [17] it is inappropriate to go 
through the Dirac procedure to define primary and secondary constraints 
for variables which are already part of the canonical structure in a first order 
phase space action in canonical form. Therefore we will regard the dynamical 
variables as "^ae and A^, which satisfy elementary Poisson brackets^ 



{4(x,i),*ae(2/,i)} = 6i{B-^r/^\x,y). (32) 

We refer to (32) as a phase space with globally holonomic coordinates with 
an inhomogeneous symplectic structure, since the right hand side contains 
field dependence. The (true) constraints in (31) arise from the fact that 
the time derivatives of the fields {Aq,N>^) neither appear in the starting 
action nor multiply fields whose velocities appear in the action. These fields 
have vanishing conjugate momenta and according to the Dirac procedure 
for constrained systems [18] yield primary constraints 



SI Dual r^ SI Dual „ SI Dual ^ ,r,o\ 
TTi = ; =0; TT = ; =0: TTn = = = 0. (33) 

6N 6N SA^ ^ ^ 

The preservation of the primary constraints (33) in time yields the secondary 
constraints {Ga, H, Hi). The Gauss' law constraint Ga is given by 



^The CDJ Ansatz is valid when _B* and 'i'ae are nondegenerate as three by three 
matrices. Hence all results of this paper will be confined to configurations where this is 
the case. 

®One may attempt to treat the velocity of ^ae as a primary constraint, but one finds 

that the corresponding secondary constraint is the Hamilton's equation of motion for ^Pae, 
which could alternatively have been derived from the canonical structure on the same 
footing as Af. 
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which is distinguished by two structures. First there is a triple of vector 

fields Va = Bl^di constructed from the SO{3, C) magnetic field i?* which 
contracts one of the indices on as a kind of internal divergence operator. 
The second structure is an object 



Cl' = ifabfSge + febgSaf)Cbe, (35) 

where Cf,e = ^iBl is defined as the 'magnetic helicity density matrix'. The 
effect of (35) in (34) is to act on ^'ae, seen as a >S'0(3, C)-valued second-rank 
tensor, in the tensor representation of the gauge group. The diffeomorphism 
constraint is given by 

Hi = -7r, = = 6,,-,B^5,^*.e , (36) 

which is distinguished by the fact that it is linear in the antisymmetric part 
of '^ae- Lastly, the Hamiltonian constraint is given by 

H = -7r = = i{detB)'/^Vd^{A + tr*"!). (37) 

As a note of caution, the solutions of the initial value constraints can only 
be used subsequent to, and not before, computing the constraints algebra 
and the equations of motion. 

We argue that (31) is equivalent to general relativity, since it is dual to a 
theory which is equivalent to GR, which was derived from a theory which is 
on-shell implies GR. But we will rigorously prove this through the equations 
of motion, and perform a quantization of (31). But first let us verify the 
preservation of the secondary constraints of the theory. 

3.1 Algebra of secondary constraints 

We will now compute the algebra of secondary constraints for the dual the- 
ory, by smearing the constraints with their respective smearing functions. 
The smeared initial value constraints of the dual theory will retain the same 
names as their counterparts in the Ashtekar variables. The smeared Gauss' 
law constraint is given by 

G[9] = d^xe^-We{^ae} = ^ae[W^'iO)], (38) 
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the notation being designed to clearly depict its relationship to the smearing 
function We have made the definition 



We{*„e} = Vel^'ae} + C^^* fg (39) 

for the unsmeared Gauss' law constraint. The diffeomorphism constraint is 
given by 

H[N] = ^ d'xeijkN'BiB':^ae = *M [V^%N)], (40) 
and the Hamiltonian constraint is given by 

H[N] = J d=^xA^(detB)^/Vdet*(A + tr*-^). (41) 

In verification of the closure of the secondary constraints, we will compute 
the Poisson algebra of (34), (36) and (37) using the Poisson brackets 



The details of the calculations can be found in [8], and thus will not be 
displayed here. The final result of the algebra is 



{//[iV],^[„e][^"'(^)]} = V'''{N,N)^^,,}+H[N,N]; 

{H[M],H[N]} = m-V{M,N)H. (43) 

According to the notation in (43), the bold quantities signify the correspond- 
ing constraints in (38), (40) and (41) but containing momentum-dependent 
structure functions. The physical interpretation of the initial value con- 
straints for the theory dual to the Ashtekar theory is also provided in [8]. 
The main point that we wanted to illustrate is that the algebra of constraints 
closes. This algebra can be summarized in the following notation 
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{H[N],H[M]} ~ H[N,M]; 
{H[N],G[e]} ~ H[N,e]+G[N,e]; 

{G[e],G[X]}^G[9,X]; 
{H[N],H[N]} ~ H[N,N] + H[N,N]; 

{H[N],G[0]}^G[N,^; 
{H[M],H[N]} rs. H [M, N] , (44) 

which means that the dual theory to the Ashtekar theory contains no second 
class constraints and is first class in the Dirac sense. To find the number of 

physical degrees of freedom per point, we implement a first class system of 
seven constraints^ on an eighteen (complex) dimensional phase space, which 
leaves 2x9 — 2x7 = 4 complex phase space degrees of freedom. Note 
that the initial value constraints are interpreted as constraints on the CDJ 
matrix ^ae, which constitutes the momentum space of the dual theory. To 
obtain the physical degrees of freedom of the configuration space, one must 
select an equivalence class from the orbits generated by each constraint, 
which amounts to the judicious imposition of restrictions on Af.^ Hence, 
with a cotangent bundle structure on the reduced phase space, we should 
have two momentum and two configuration degrees of freedom per point, 
which matches the D.O.F. of complex GR. For this reason, the dual theory 
is not a topological field theory. 

Another main feature of the algebra (44) is that the Hamiltonian con- 
straint forms a subalgebra. This means that the dual theory allows for the 
possibility to eliminate the Gauss' law and diffeomorphism constraints, leav- 
ing behind a physical system on which the dynamics solely of the Hamilto- 
nian constraint can be implemented. Note that this feature does not appear 
in the Ashtekar variables since in the latter, the Poisson bracket of two 
Hamiltonian constraints does not yield a Hamiltonian constraint. 



'^This is the Hamiltonian constraint (1), the difTeomorphism constraint (3) and the 
Gauss' law constraint (3). 

**Rcfcrcncc [9] demonstrates the restriction of to quantizablc configurations of the 
dual theory with respect to globally holonomic coordinates on configuration space Tonai- 
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4 Reduction to the kinematic phase space 



Next we will reduce the dual theory to the kinematical level, defined as the 
level where the difFeomorphism and the Gauss' law constraint have been 
implemented, leaving remaining the Hamiltonian constraint. The starting 
action is given by 

iDual = J^^^j^ d^X^aeBiAl + AgWe{*„e} - Hi - iNH. (45) 

Variation of (45) with respect to the shift vector A^* yields the diffeomor- 
phism constraint 



= {detB){B-')f^d = ^ = 0, (46) 



where = e^ae'^ae parametrizes the antisymmetric part of the CDJ matrix. 
Since ipd vanishes, then on-shell must be symmetric. Accompanied with 
the imposition of the diffeomorphism constraint we will gauge fix the shift 
vector AT*, using the equation of motion for ip^ 



= CdaeBlF^^ + 2N\B-')f{detB) = 0. (47) 



Using the property of the determinant of nondegenerate 3 by 3 matrices S^, 
this yields the solution 



= lei'^Fo«(S-i)^. (48) 

Upon substitution of the solutions (46) and (48) into (45), we obtain an 
action given by 

iDual = J dtJ^d^X'^^ae)BlA^ + ^gWe{^I/(,e) } - iNH 

= JdtJ^ <i'x^^ae)BiFSi - iNH, (49) 

where we have integrated by parts to transform the Gauss' law constraint 
and canonical term into the temporal component of the curvature. Since 
*(ae) is symmetric, then (49) can be written as 

lDuai = \l d^x^aeF^,F;^e^'''P^ -iN{d%iBf'''Vd^{k + ti^-^). (50) 
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Equation (50) is the dual action at the level of implementation of the diffeo- 
morphism constraint, with the Hamiltonian constraint effectively appended 
to a term of the form ^FAF. But this is not a topological field theory since 
as we have shown, there are four physical degrees of freedom per point on 
the reduced phase space. The first term of (50) by itself possesses three sym- 
metries. It is invariant under spacetime diffeomorphisms due to contraction 
of its world indices ji. It is invariant under simultaneous SO{3, C) rotations 
of ^ and the two curvatures. It is also invariant under the translations 

"ifae ^ eaedrrid] *ae *ae + <Aae, (51) 

where D(pae = 0. Note, of the three aforementioned invariances there is 
only one invariance not broken by the Hamiltonian constraint term of (50), 
namely the invariance under SO{3, C) rotations. This can be seen from 
the fact that the Hamiltonian constraint depends completely on 5'0(3, C) 
invariants, which will bring us to consider the Gauss' law constraint. 
Since ^ae is symmetric we can write it as a polar decomposition^ 

*ae = {e<^-^)af\f{e-'-^)fe, (52) 

using a 5*0(3, C) transformation {e^''^)ae parametrized by three complex an- 
gles 9 = (9^, 6^,9"^). This corresponds to a rotation of the diagonal matrix of 
eigenvalues Ag = (Ai, A2, A3) from the intrinsic frame, where "^ae is diagonal, 
into an arbitrary 5*0(3, C) frame. The Hamiltonian constraint is given by 

H = (detB)i/Vdet^'(A + tr^^^) , (53) 

which is invariant under SO{3,C) since it depends only on the 50(3, O) 
invariants. Hence (53) can equally be written explicitly in terms of the 
eigenvalues 

i/= (det5)i/2 0^A^('A + ^ + -L + _Ly (54) 

V Al A2 A3/ 

which is the same for each 9 in (52). Upon substitution of (52) into the first 
term of (50) we have 

h = ll^ d4arAK(e-^-^)/„F;,[>l])((e-^-^);eF;,[>l])6'^'^''-, (55) 

®We assume that "i/ae is diagonalizable, which requires the existence of three hnearly 
independent eigenvectors [19]. 
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where A" is a four dimensional connection with curvature given by 



= d^Al - d^Al + r^'^A^Al. (56) 

The internal index on each curvature in (55) is rotated by e~^''^, which 
corresponds to a 50(3,(7) gauge transformation. Therefore there exists a 
gauge transformed version of F^j^, given by curvature f^^, such that 

h = J^ d'x^hfffMfU^le^""' - iNH) (57) 

for some four dimensional connection a^. The relation between and /^j,, 
which contains no explicit reference to the SO{3, C) angles 0, is given by 



f^M = - d.al + r%al. (58) 

It then follows that the connection is a 50(3, C) gauge transformed 
version of ^4^ related by 



= ie-'-^)aeAl - le^''{d^ie-'-'"),f)ie-'-'"),f, (59) 

which corresponds to the adjoint representation of the gauge group [20]. 
Next, perform a 3+1 decomposition of (57), which yields 



iDual = d''x{^XfffMfU^]^'''''"' - iNH) 
= J dt J (fx(^Xfbfa{-\fWf{al} 
-iV(det6)V2^AlA^f A + ^ + ^ + ^) • (60) 

V Al A2 A3/ 

We have defined 6^ = ^e*-'^/"^ as the spatial part of (58). Additionally, the 
following identifications have been made 



detS = det6; bl = {e-^-^)aeBl. (61) 

The first equation of (61) is a result of the special orthogonal property that 
det(e^ "^) = 1, and the second equation corresponds to a 5*0(3, C) rotation of 
the internal index. Integration of (60) by parts with discarding of boundary 
terms yields 
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lDual = j dt j (fx(^Xfb}d{ + alwf{\f} 

-iiV(det6)VVAiA2A3fA + ^ + ^ + ^) • (62) 

V Ai A2 A3/ 

Variation of (62) with respect to Cq would yield 



= w,{A,} = (63) 

with no summation over / which is unsatisfactory, since this would consti- 
tute a premature restriction on A j which we would like to use for the physical 
degrees of freedom. To preserve three D.O.F. in Aj at the kinematical level 
we must instead set % = 0, which corresponds to the choice of a gauge. For 
Yang-Mills theory Oq = is known as the temporal gauge [20] . 

The temporal gauge in Yang-Mills theory admits the residual freedom to 
perform time independent gauge transformations. For gravity the infinites- 
imal SO {3, C) gauge transformation of would be given by 



(64) 



From (64), one sees that the gauge choice Oq = is preserved only for = 0, 
or = ^■^(x), namely gauge transformations which are independent of time. 
Note that the SO{3, C) angles 9 can still be chosen arbitrarily. Imposition 
of ao = yields the action 



iDual = J dt J^d^x(^Xfb}a{ - iiV(det6)VVAiA2A3(A + ^ + ^ + ^))-(65) 

Equation (65) seems a feasible starting point for describing the dynamics 
of the physical D.O.F. for the dual theory to the Ashtekar theory, since 
Dim{^Kin) = 6,^" but in the process of setting oq to zero we have eliminated 
the ability to impose the Gauss' law constraint Ga- This will bring us to 
the alternate sequence of 3+1 decomposition. 

Performing the 3+1 decomposition of (50) prior to the polar decompo- 
sition leads to a first order action 

^''This refers to both the classical and the quantum dynamics. Additionally, by eliminat- 
ing three D.O.F. from the Ashtekar connection we have also eliminated three unphysical 
degrees of freedom, which should bring us a step closer toward metric general relativity. 
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lDual = j dt J^d^x(^aeBlA^ + A^Wei^ae} 

-iAr(detB) VVdet*(A + tr*-^)) , (66) 

which essentiaUy is (62) with /^j^ replaced by F^^j^. In constrast to (62), 

there is no restriction on the angles 9 and the Gauss' law constraint upon 
variation of Aq 



"-^ = ^e{Xf{e-''')fa{e-'-^)fe} = (67) 

allows us to restrict the 50(3, C) angles ^" in lieu of prematurely restricting 

Xf. Namely, for each configuration A"^ and triple of eigenvalues A/, one must 
invert (67) to solve for 6 = 9[X;A], which defines a functional. The main 
result is that the eigenvalues A/ are preserved as the physical degrees of 
freedom. The consistency of (66) with (62) requires that oq = and that 6 
be fixed by (67).^^ Hence, the implementation of the kinematic constraints 
is equivalent to transforming from (45) directly to 



iDual = d^x{U>aeF;,F;^el'''P'' - ziV(detB) Vd^(A + tr^r-l)) ^ (gg) 

which resembles a kind of 'generalized' F A F term modulo a Hamiltonian 
constraint. In the manner of this section one may proceed to obtain the 
physical degrees of freedom of the dual theory, which we will expand upon 
in a later section. 



^^Tho procudure for solving (67) is treated in [21], [22] and [23] and therefore will not 
be covered here. 
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5 Verification of the Einstein equations of motion 



■ ae 



To verify that the Einstein equations foUow from the dual theory let us take 
a step back to the level prior to implementation of the kinematic constraints. 
The starting action of the dual theory is 

iDual = J dt J^d^x^aeBiF^i + eijkN'BiB^^a 

-iAf(det5)Vdet^(A + tr^'-^). (69) 

The Hamiltonian constraint is given by the equation of motion for the lapse 
function N 



C T 

— = H = (detS)V2Vdit*(A + tr*-i) = 0. (70) 

Since i?* and are nondegenerate by assumption, then the requirement 
that the Hamiltonian constraint be satisfied is equivalent to the vanishing 
of the term in brackets 



'^l ^2 A3 

Equation (71) leads to the following relation 

= ~AAiA2 + Ai + A2' ^^^^ 

which expresses A3 explicitly as a function of Ai and A2, which in the dual 
theory will be regarded as the physical degrees of freedom. 

Since we have already examined the equations involving the antisymmet- 
ric part of ^ae-> we will now focus on the symmetric part. In what follows, 
the reader should keep in mind that the symmetric part of the ^aeBlF^- 
term of (69) is the same as the first term of (68). We will now show that 
(69) implies the same Einstein equations of motion arising from the orig- 
inal Plebanski action (1). More precisely, we will verify consistency with 
equations (4), (5) and (7) and (8). Using 



V=5 = iV Vdet^ = nVK = N{detBy/^ Vdet*, (73) 

which writes the determinant of g/^i^ in terms of its 3-1-1 decomposition and 
uses the determinant of (30), we have 
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'(6/) 

Left and right multiplying (74) by we obtain 



= ^K'^^P'T^'""' + iV^i^-'^-')'^ = 0. (74) 



i(*''^>^^;)(M/^^'F/;)6'^'^''- = -2iV^6'f. (75) 

Note that this step and the steps that follow require that be nondegen- 
erate as a 3 by 3 matrix. Let us make the definition 



J^;. = i^-'rF^^, = j:;,[^,A], (76) 

which retains "^ae and ^4° as fundamental, with the two form being derived 
quantities. Upon using (76) as a re-definition of variables, which amounts 
to using the curvature and the CDJ matrix to construct a two form, (75) 
reduces to 



^S^^S^^e^'^'^^dx'^ A dx"" A dxP A dx"" = S** A = -2i^6^fd'^x. (77) 

Using (8) as a change of variables, namely that a CDJ matrix combined 
with a curvature determines a two form, enables one to re-write (75) as 



A S-^ = -2i^^8^^ d^x. (78) 

One recognizes (78) as the condition that the two forms thus constructed, 
which are now derived quantities as in (8), be derivable from tetrads, which 
is the analogue of (4) and (5). To complete the demonstration that the 
dual theory to the Ashtekar theory yields the Einstein equations, it remains 
to show that the connection A"' is compatible with the two forms S" as 
constructed in (76). 

The equation of motion for the connection A^^ from (69) can be seen as 
arising from the relevant covariant part encoded in (50), which is given by 



-iiVVdetSVdet* (A + tr^'^) ) = 0. (79) 

Since there is no occurrence of A^ in the N^H^ terms, then the equation of 
motion for the temporal component is given by 
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= e^'^'Dii^^eF^,) = D,{^aeBl) = 0, (80) 

which is the Gauss' law constraint Ga upon use of the spatial restriction of 
(76). The equations of motion for the spatial components are given by 



5A<j 



O^i J M 

-/ d^xiArVdetBVdet^'(A + tr^"^) = 0. (81) 



Let us consider the contributions to (81) due to the Hamiltonian and diffeo- 
morphism constraints = {H,Hi). Defining 



^el(^,y) = ^l^^e(y) = e^''{-Saedk + f edaAf) 5^^\x , y) , (82) 

the contribution due to the diffeomorphism constraint is given by 



5Hi[N'] _ S f . 



6A'} 5A1 



Jm 



= AD^i{emnlN^B\^[,f]), (83) 
and the contribution due to the Hamiltonian constraint is given by 



^J!M = J-f d''xiN{deiB)^/^Vd^{A + tv^-') 
oAj^ oA- J]^ 

= (y (detS) V2(5-i)f Vdit* (A + tr*-i)) 

= iDt{^{B-^)\H). (84) 
Hence the equation of motion for A^ is given by 



e^^^P'^D^i^aeP;,) + U^Dt{i{B-^tNH + Ae^uiN^B'f^!^,f{) = 0, (85) 

where we have used that i?* is nondegenerate. The first term of (85) when 
zero impUcs (7) upon use of (76) to construct S^^^. The obstruction to 

this equaUty, namely the compatability of A" with Tj^,,^ thus constructed, 
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arises due to the second and third terms of (85) . These latter terms contain 
spatial gradients acting on the difFeomorphism and Hamiltonian constraints 
H^. In order that be compatible with the two form = ^aeF^xui 'we 
must require that these terms of the form diH^ must vanish, which can be 
seen from the following argument. Since H^j^ = when the equations of 
motion are satisfied, then the spatial gradients from acting on terms 
proportional to in (85) must vanish. 

According to Dirac the constraints must be evaluated only subsequent 
to taking derivatives, and not prior. Our interpretation is that this refers to 
functional derivatives and time derivatives but not spatial gradients, which 
are nondynamical. The vanishing of the spatial gradients can be seen if one 
discretizes 3-space S onto a lattice of spacing e and computes the spatial 
gradients of the constraints $ as 5$ = ^limg_>o(^(a^n+i) — ^{xn-i)), and 
uses the vanishing of the constraints <5(a;„) = Vn at each lattice point Xn- 
For another argument, smear the gradient of the Hamiltonian constraint 
with a test function / 

S = [ (fxfdiH = - [ (fx{dif)H^ - 0, (86) 
Jn JT 

where we have integrated by parts. The result is that (86) vanishes on 
the constraint shell V/ which vanish on the boundary of 3-space S. This 

is tantamount to the condition that the spatial gradients of a constraint 
must vanish when the constraint is satisfied. Of course, the constraints 

follow from the equations of motion for N^^ = (N, N^). 

This completes the demonstration of the Einstein equations. The Ein- 
stein equations have arisen in the same sense as from (1) using (69) as the 
starting point, which is defined on the phase space ^ouai = (^aej ^i*)- These 
equations are modulo the initial value constraints (46) and (71) and their 
spatial gradients, which also have arisen from (69). 

5.1 Verification of tlie canonical structure 

Next, we will compare the canonical and the symplectic structures of the 
dual in relation to the Ashtekar theory, in preparation for a quantization. 
It is not hard to verify that substitution of 



= Bl{a-')1 ^a\ = ^>aeBl, (87) 

the spatial restriction of (8), into (31) yields the Ashtekar action (22) for 
nondegenerate and a*. Additionally, the canonical structure can be 



^The author is grateful to Chopin Soo for pointing out this latter argument. 
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verified as follows. The Ashtekar phase space variables fiAs/i = {(^li-^f) 
form a canonical pair with relations 

{At{x,t),^,{y,t)} = 6^dl6('\x,y) (88) 

along with 

{A^{x, t),A''^{y, t),} = {ai{x, t), ^ {y, t),} = 0. (89) 
Substituting (87) into (88) in the form a* = "^aeBl, we have 

{A^{x, t), ^ae{y, t)Bl{y, t)} = {AUx, t), ^ae{y, t)}Bl{y, t) 

+^ae{yMAnx,t),Bl{y,t)} = 5t5l5^^\x,y) (90) 

from the Liebniz rule. The second term on the right hand side of (90) 
vanishes on account of (89). Transferring the magnetic field to the right 
hand side, since it is nondcgcncratc by assumption, leads to (32). Note, in 
the quantization of the full unreduced theory, that (90) corresponds to a 
Schrodinger representation 



The result is that the canonical relations of the dual theory transform di- 
rectly into the those of the Ashtekar variables. While this may be the case, 
there is one subtle difference. If (87) were a canonical transformation, then 
the phase space structure of (29) would imply that the variable canonically 
conjugate to is an object X"-^ whose time derivative is BIA^. However, 
(87) is not a canonical transformation, which can be seen as follows. The 
symplectic two form on the phase space ^Ash is given by 



^Ash = d^xdaiix) A SAfix) = S[j^ d^xaiix)dAfix)) = SO Ash, (92) 

which is the exterior derivative of its canonical one form 6 Ash- Using the 
functional Liebniz rule in conjuction with the variation of (87) we have 
Sal = Bld^ae + ^aeSBl, which transforms the left hand side of (92) into 



^Dual = I d^xS^ae A B^SAt + [ eijk^aeS{DjAl) A <5Af . (93) 

Due to the second term on the right hand side of (93), the symplectic two 
form in the dual theory is not in general exact. Therefore there is no variable 
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canonically conjugate to such that the fundamental Poisson brackets do 
not contain field dependence. If there are configurations where the second 
term of (93) vanishes, then such a canonical relation may be established.^^ 



This corresponds to a restriction of the degrees of freedom of the theory. However, 

in a few sections wc will show that the remaining degrees of freedom are precisely the 
physical degrees of freedom upon implementation of the initial value constraints of GR. 
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6 Dynamics on the kinematic phase space 



We will now compute the classical dynamics of the reduced theory, on the 
kinematic phase space ^xin-^^ Setting Oq = in (62), we have 

iDual = J dt jj^'xi^XfUfhl - iiV(det6)i/2yAlA^(A+ ^ + ^ + ^))-(94) 

Note, since B\ and *ae are nondegenerate, that the Hamiltonian constraint 
can equivalently be written as 

$ = A + ^ + ^ + ^ = 0. (95) 
Ai A2 A3 

From now on we will limit consideration in this paper to the A = case.^^ 
The canonical one form of (94) allows globally holonomic coordinates in the 
full theory for six distinct configurations A", which is proved in [9].^^ For 
the purposes of this paper we will treat the diagonal case A" = 5^aa- This 
corresponds to a canonical one form 

= / d'^x(^ia2az5a\ + \2azai5a2 + Xzaia25az^ (96) 

J s 

where af = af(x,t) contain three independent degrees of freedom per point 
(and therfore corresponds to the full theory) . There is no globally holonomic 
coordinate in (96), but we can transform it into a theory with globally 
holonomic coordinates via the transformation 



Uf = {aia2a3)Xf; Xf = ln(^); T = X^ + X^ + X^ (97) 

Vao/ 

where (det^) = 010203 ^ 0, which imposes the following ranges on the 
configuration space 



—00 < |X-^|<oo — >0<|o/|<oo. (98) 

^*The kinematic phase space is defined as the phase space at the level where the Gauss' 
law and the diffeomorphism constraints have been implemented on the original full phase 
space i^Duai, leaving remaining the Hamiltonian constraint. 

^^The theory for A ^ is treated classically in [24] at the quantum level in [25]. 

^^The special feature of these configurations is that the canonical one form (96) is 
free of any terms containing spatial gradients, even though the variables are in general not 
spatially homogeneous. Hence one is free to quantize the full theory on these configurations 
with all the advantages of the simplicity of minisuperspace. 
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Regarding Hf and in (97) as the fundamental variables implies a sym- 
plectic two form 



^ = J (fxSUf A SXf = s{j d^xUfSX^^ = 56, (99) 

which is the exact variation of the canonical one form 0. The starting action 
(94) in terms of the new variables is given by 

iDual = j dt J^d'x(UfXf - iNal^^e^/^U^/^iU2U^(^:^^ + i- + ^))(,100) 

where U, which depends entirely on spatial gradients of Xf, is as defined 
in Appendix A. Equation (100) is canonically well-defined and will form the 

basis of the reduced classical theory and its quantization. For one example 
of what can follow, consider the Hamiltonian constraint, which for A = 
reduces to 



1 1 1 _ 



(101) 



Substitution of (101) into (100) and interchanging the order of spatial with 
time integration implies the following Hamilton-Jacobi functional Shj, where 



SS. 



HJ 



(fix 



Ui5X^ + U2SX'^ 



Hi + n2 



5X- 



(102) 



which is essentially (94) evaluated on the solution to the Hamiltonian con- 
straint.^^ Equation (102) preserves the form of the Hamiltonian constraint 
solution on each spatial hypersurface S, and reflects two physical degrees 
of freedom. We will show in this paper that the integrated form of (102) 
resembles in form the argument of the exponential of the quantum states of 
the dual theory to Ashtekar's theory for A = 0. 



6.1 Classical dynamics for A = 

We will now formulate the classical dynamics of the kinematic phase space 
of the dual theory for A = 0. For our starting action we will take the first 
order action given by 

^^Since (94) is at the kinematical level, it then follows that (102) is also a Hamilton- 
Jacobi functional evaluated on the solution of all of the initial value constraints, and 

contains two degrees of freedom. Note that these D.O.F. have been projected liolograph- 
ically to the final spatial hypersurface forming the boundary of spacetime M — x R. 
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SKin = ^J^ d^x(UfXf - iNal^^e^/^U ^y^l^2^3<^') , (103) 

where U, which contains spatial gradients of the configuration variables X^, 
is as defined in Appendix A. Also we have defined 



$ = — + — + —. (104) 

U1U2 U3 ^ ' 

There are seven fields, 11^ = (Hi, 112; n,^) which wc require to be nonvanish- 
ing, Xf = {X'^,X^,X^), and and we have defined T = X^ + X^ + X^. 
The Euler-Lagrange equations of motion from (103) are given by 



d(5L\ 5SKin .T„^. 

It is clear from the starting action (103) that the velocity N is absent. 
Additionally, N does not multiply a velocity, therefore it is an auxilliary 
field and (105) yields 

aJ'^e^/^U^XliIl2W = 0. (106) 
We require that e'^/^U^/UiU2U3 be nonzero, hence (106) reduces to 



which is a constraint on the variables Hj. Note that this constraint is 
independent of the other variables X-^" and N. 
The equation of motion for X^ is given by 



which is 



Uf = -Nal^^e^/^jj^WniU2Us^}. (109) 

There are spatial gradients from U which act on the terms in curly brackets. 
But since these terms are proportional to by the same argument as in 
(86) they vanish on solutions to (107). This leads to 
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Ufix,t) = Uf{x), (110) 

which are arbitrary functions of position, independent of time. 

To find the equations of motion for 11/, we subtract a total time deriva- 
tive ^(IlfX^) from the starting action (103) an obtain 
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dt 

which is 



-Xf = -ATaf e^/^^^^^i^^$ _ iVaf e^/^C/v1WI^(^) -(112) 

The first term on the right hand side of (112) vanishes on account of (107), 
and we are left with the following equations 



x3 = _Ara^/V/2[/v/nji^(j^)'. (113) 

It will be convenient to make the following definitions 

Vf = %^^V^h^^^n^(^(^Yi^^ ' 'n = m + m + vs- (ii4) 

Then defining T = X^ + X"^ + X^, then (113) is given by 



X/=(^)r; t = -NUe'^/\ (115) 
We have to integrate the equation for T 



^*'ln analogy to the arguments of Jackiw as applied to the case in the unreduced dual 
theory, it would be inappropriate to treat 11/ as a primary constraint. 
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which yields 

g-T/2 ^ g-ro/2 ^Vi^ ^(^^ ^)^^/^ (-^^7) 

where we have defined Tq = T(x, 0). Equation (117) is a nonhnear relation 
between T and itself. This can be written as 

T = ln(e-^°/2 + ^ ^)'^*') ^^^^^ 

One may proceed from (119) to perform a fixed point iteration procedure. 
Define a sequence Tn{x,t) where To(x, t) = Tq, and the following recursion 
relation holds 

Tn+i{x,t) = ln(e-^°/2 + N{x,t')U{x,t';Tn{x,t'))dt'y\ (119) 

For given initial data T{x, 0) on a 3 dimensional spatial hypersurface S and 
a choice of the lapse function N{x,t) through spacetime, if the iteration 
converges to a fixed point, then one has that 

lim„^oor„(x, t) = T{x, t). (120) 
The motion of is given by 

X^(a;,t) =X^(a;,0) + (^)r(x,t), (121) 

with T{x,t) given by (119). The variables evolve linearly with respect 
to T, seen as a time variable on configuration space T}^ The solutions 
for Xf{x,t) in principle are directly constructible from (119) and (120), 
combined with the specification of boundary data X-^{x, 0). 

6.2 Hamiltonian formalism for A = 

Prom (103), we will now perform a Legendre transformation into the Hamil- 
tonian formalism. The momentum conjugate to X^ is given by 

(122) 



^^This seems to be the nearest gravitational analogy to the motion of a free particle in 
ordinary classical mechanics. 
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Uf{x,t) 



SS 



SXf(x,t) 



Since (103) already appears in first order form, we can directly read off from 
the canonical structure the following elementary Poisson brackets 



{xf{x,t),Ug{y,t)} = GSfS^^\x,y). (123) 
The momentum conjugate to N is given by 



P» = ^=0, (124) 

which leads to the primary constraint II^v = 0. Conservation of this con- 
straint under time evolution leads to the secondary constraint 



Pn = -Jj^ = aJ\'^/^U^/U,U2Us^ = 0. (125) 



We must now check for preservation of (125). The smeared constraint is 
given by 

H[N]= [ d^xNal^^e^/^U^/IhIhn^(^ + ± + ±) . (126) 
The functional derivatives of (126) are of the form 

where q and qf are functions on phase space, whose specific forms are not 
important for what follows. The variational derivative with respect to 
is of the form 



= QfN^ + QfAiQN^) (128) 

for some Q, Qf and Qfi which are phase space functions. 

We will now compute the algebra of the constraint H using Poisson 
brackets 



{H[M],Hm 



f 3 ^SH[M] 5H[N] _ 6H[N] SH[M]\ 

is ""["sxf Wf sxf m^J 



I d^xM(qf^ + 9(1^)^) {QfN^ + QfAiQN^) -N^M. (129) 
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All terms which are proportional to $ vanish on-shell on account of (107), 
so we need only consider terms of the form 

f d^xMqQ-^^ QfidiiQN^) -N^M. (130) 

Integrating by parts and discarding boundary terms, one sees that the only 
nontrivial contributions to (130) are due to the spatial gradients acting on 
the smearing functions M and N. This yields 

J^(fxqQQ-yQfi{MdiN-NdiM)<^. (131) 
The result is that 

{H[M],H[N]} = {H[Q'{MdiN-NdiM)}, (132) 

where = Q^lX-l" ,Ilf) are phase space dependent structure functions. The 
Poisson bracket of two Hamiltonian constraints H on the phase space Qq = 
{Xf,Ilf) is proportional to a Hamiltonian constraint. Therefore H is first 

class and there arc no second class constraints. Since we started with a 
phase space of 2 x 3 = 6 degrees of freedom, the degrees of freedom per 
point subsequent to implementation of the Hamiltonian constraint are 

D.O.F. = 2x3-2x1 = 4. (133) 

With four phase space degrees of freedom per point, this shows that the 
reduced dual theory is not a topological field theory. This was also the case 
in the unreduced dual theory. 

6.3 The spacetime metric 

The spacetime metric in the dual theory to the Ashtekar theory is not a 

fundamental object and must be derived. The fundamental objects are 

or alternatively the corresponding connection components which are given 

by exponentiation of (121) 

af{x,t) = ao((deta(x,0)/ag)-^/2 + j\(x,t')U{x,t';T)dt'y^''^%34:) 

Equation (134) provides the explicit time variation for the diagonal connec- 
tion in the reduced full theory. Taking the product over z = 1, 2, 3 one finds 
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that for f = the condition deta = deta(x, 0) is satisfied, which can be cho- 
sen arbitrarily on the initial spatial hypcrsurfacc Sq. One must then choose 
the lapse function N{x,t) to specify the manner in which the boundary 
data becomes evolved for t > 0. The solutions are labelled by the conjugate 
momenta Hf as encoded in rjf/ri. Equation (134) can also be written as 

whence the variables evolve with respect to deta, seen as a time variable on 
configuration space. We will illustrate the construction of the metric for a 
simple example where the spatial gradients are zero. Recall in the original 
Ashtekar variables that the contravariant 3-metric K^^ is given by 

hh'j = ^i^l ^ h'^ = (detar^aiai (136) 
The covariant form in the variables of the dual theory is given by 

h,, = {det^)^-,'^-}{B-')liB-'y^{detB). (137) 

Restricted to the subspace of diagonal connection variables, which in the 
dual theory admit the proper canonical relation to the densitized eigenvalues 
of the CD J matrix A/, this is given by 

/ (ai/Ai)2 \ 

hij = (A1A2A3) (a2/A2)2 

V {as/Xsf J 

which upon the subsitution A^ = nj(deta)~-'^ yields 

with aj given by (134). For simplicity consider the case where the variables 
are independent of spatial position and depend only on time. Then Ilj are 
numerical constants, ai{x,t) = ai{t), and moreover U = 1. As as special 
case, take aj(a;, 0) = ao, and take N{x,t) = 2, namely a constant lapse. 
Then the metric evolves in time via 

ds'' = dt" + ( "^"^"^ ) (1 + ritf^^-^i'^Ux'dx^, (139) 
j 

which has the same form as the Kasner solution, with a re-definition of 
variables. One may compute the initial volume of the universe 
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dX t = 0, where I is a characteristic length scale of the universe from in- 
tegration over minisiipcrspacc. Note that this vohimc is labelled by two 
arbitrary constants IIi and 112 which determine the algebraic classification 
of the spacetime, as well as deta(O). This provides a physical interpretation 
for deta in terms of metric variables. A more in-depth analysis of minisuper- 
space, as well as a generalization of the above procedure to the full theory, 
is reserved for a separate paper. 
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7 Quantization and Hilbert space structure for van- 
ishing cosmological constant 



We now proceed to the quantum theory on the kinematic phase space. We 
have already eliminated the Gauss' law and difFeomorphism constraints, 
leaving behind a Dirac consistent phase space which admits a canonical 
formulation and classical dynamics. This implies that we may proceed to 
the quantum theory by promoting the dynamical variables to quantum oper- 
ators X^ and IIj tlf, and Possion brackets (123) to commutators 



[Xf{x,t),lig{y,t)\ = {hG)SfS^^\x,y). (141) 

The operators in the functional Schrodinger representation act respectively 
by multiplication and by functional differentiation of a wavefunctional 



Xf{x,t)ip =Xf{x,t)ip; 
Note that the following wavefunctionals are eigenstates of £[/ 



'ip^[X]=exp (hG)-^ J (fxXf{x)xf {x,t) 



(143) 



where \f{x) are arbitrary continuous functions of position, which do not 
contain any functional dependence on X-^(x,t). We will see that these play 
the role of labels for the state. The following action ensues for the momen- 
tum operator 



Uf{x,t)^^[X] = \{x)^^[X]. (144) 

We will now search for states i/> G Ker{H}. But prior to quantization let 
us put the smeared constraint into polynomial form 



H[N] = J d^xNal/^e^/^U{UiU2U3)-^/^{UiU2 + U2U3 + U3Ui). (145) 

To obtain a nontrivial solution it suffices for the operator in brackets in 
(145) upon quantization to annihilate the state for each x. Hence 

{Uiix)U2{x) + U2ix)U3{x) + U3ix)Uiix))^^[X] = Vx 
— > (Ai(x)A2(x) + A2(x)A3(x) + A3(x)Ai(x))Va[^] = Vx. (146) 
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This leads to the dispersion relation 




(147) 



Conventionally in quantum field theory, when there are products of momenta 
evaluated at the same point a rcgularization procedure is needed to obtain 
a well-defined action on states. However, there exist states for which the 
action of (128), is already well-defined without the need for rcgularization, 
namely plane wave-type states annihilated by These are states for which 
the momenta are functionally independent of the configuration variables and 
act as labels. The solution is given by^° 



/ 



(148) 



A3=-AiA2/(Ai+A2) 



for each x G S. Hence |A) = |Ai,A2) € Ker{^} defines a Hilbert space 
of states annihilated by the Hamiltonian constraint, labelled by Ai and A2, 
once the measure of normalization has been defined. The full Hilbert space 
consists of a direct product of the Hilbert spaces Vx G S, since (147) must 
be satisfied independently at each point x. If one regards each spatial hy- 
persurface S as a lattice of finite lattice spacing x^+i — x„ = Ax, then 



H = (g) JT(X„) Va,A2 ~ n^A,A2('^n)- 



(149) 



In the continuum limit Ax — > 0, the product in (149) goes to a Riemannian 
integral 



ihG)-^ [ d^xfXiX^ + X2X^ - (J^)X^)\. (150) 
is ^ ^Ai + A2^ ^. 



Equation (150) solves the quantum Hamiltonian constraint by construction. 
The momentum labels (Ai,A2) correspond to two functions of spatial posi- 
tion X G S, which is consistent with the classical solution and also with the 
Hamilton-Jacobi functional (102). 



■^"Wc use the tilde notation to distinguish A/, the eigenvalue of ft/ on ip, from the 
(undensitized) eigenvalues A/ of ^(ae)- Since 11/ = A/(deta) at the classical level, then A/ 
can be seen as a 'densitized' version of A/. We do not include the tilde in the specification 
of the state |Ai,A2), since it would be redundant owing to the invariance of $ under 
rescaling of A/ for A = 0. 
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7.1 Measure on the Hilbert space 

To formalize the Hilbert space structure we need square integrable wave- 
functions for solutions to the constraints, which requires the specification of 
a measure for normalization. If all variables were real, as for spacetimes of 
Euclidean signature, one would be able to use delta-functional normalizable 
wavefunctions. 

DiXEuci{X) = JJ 5X^{x)5X''{x)5X^{x). (151) 

X 

In (151) X^ is real and on the replacement A/ — >■ ?A/, we have 



{M^CIeucI = DiJiEucm^^v[-iihG)-^ jj''xXf{x)Xf{x) 



exp 



i{hG) 



-1 



SxQ{x)Xf{x)\ = \{\{6{\f{^)-Cf{^)), (152) 



^ f 



or that two states are orthogonal unless their CDJ matrix eigenvalues are 
identical at each point x G S. This can be written more compactly as 



WA)eucI = I Df^Euci{Oe-'^'^^-''-''e^^'^<^r^^-^ = S,,. (153) 

For spacetimes of Lorentzian signature, the variables are in general com- 
plex and a Euclidean measure does not produce normalizable wavefunctions. 

One may then rather use a Gaussian measure to ensure square integrability 
for the basis wavefunctions in this case. This Gaussian measure is given by 



Y[ SXf exp 



/ d^xXf{x)Xf (x) 

JT, 



(154) 



where is a numerical constant with mass dimensions [v\ = —3, needed to 
make the argument of the exponential dimensionless. The inner product of 
two un-normalized states is now given by 



(^|C>Lo. = n / ^^"-'^^xU^vl-^-' I d'xXf{x)Xf{x) 



exp 



{hG)-^ / d^xX}{x)Cf{x)\exp\{hG)-^ / (fxCf{x)Xf{x) 



exp 
exp 



iy{hG)-^ J d^xX}{x)Cf{x) . (155) 
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A necessary condition for the wavefunction to be normalizable, as for the 
inner product to exist, is that the functions Aj(,x) and Q{x) be square inte- 
grable. In shorthand notation, (155) can be written as 

{^IOlot = I D^^Lor(X, X)e('^^r^~'*-V^^-'^-^ = e^(^«)-^^*<: (156) 

Note how the balance of the mass dimensions is ensured in spite of the 
existence of infinite dimensional spaces.^^ The norm of a state is given by 

(A|A) = J i?/Xi„,(e,?)e(^G)-iA*.fg(nG)-iA.« ^ ^.inG)-^~x' -x ^ ^^^^^ 
and we define the normalized wavefunction by 

\,j,^)=e-'^(^r'y~^\X). (158) 
The overlap of two states in the Lorentzian measure is given by 

KV'a|V'c>loJ = exp[-i/(nG)-2 ^ d^Xiix) - Ci(x)p] . (159) 



where 



A3 = -(~^); C3 = -(~^). (160) 

There is always a nontrivial overlap between any two states corresponding 
to different functions for the eigenvalues.^^ 

7.2 Expectation values and observables 

The expectation value of the configuration variable X-l" is given by 

MX^ix)\^c)Lor = ]l I '^^^°^5^^exp[-z.-i / d\Xf{x)Xf{. 

exp x)j ^X-^(a;)exp ^(hG)-^ J (fxCfix)X^ (x) 

(I6I: 



^^The dimensionful constant v remains a parameter of the theory. One may think that 
such a measure cannot exist on infinite dimensional spaces unless z/ = 1 with [i^] = 0. But 
wc have rcscalcd the measure by the same factor of to cancel out these factors arising 
from the Gaussian integral. 

^^It is shown in [9] that the eigenvalues of ^ae encode the Petrov classification of space- 
time, since "fae is the antiself-dual part of the Wcyl curvature tensor. This classification 
is independent of coordinates and of tetrad frames. 
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By replacing multiplication by with functional differentiation with re- 
spect to C/, one may simplify the matrix element to 



<VA|^^(^)|V'c>io, = n/ ^^^°^^eiexp[-i.-i / d\Xf{x)Xi{ 

x,i ^ ^ 



exp 



exp 



{hG)-^ f d^xQ{x)Xf{x) )(;i62) 



whereupon commuting the functional derivative outside the integral we ob- 
tain 



i/Lor 



^ (expli^ihG)-^ j d^xX*f{x)Cfii 



SCfix) V 

= u{hG)-^X*f{x)exp i^{hG)~'^ J d^xX*f{x)Cf{3 

= {u{hG)-'X}{x)){i,^\i;^)^^^. (163) 
Going through a similar analysis for various operators, one obtains 



{^x\Xf{x)\^i)^^ = {l.{hG)-\f{x)){^Px\i^^) 



Lor 



(164) 



as well as 



M^Mlot = (^G)-^A}(x)(Va|Vc>lo.- (166) 
Hence, with respect to the Lorentzian measure one has, schematically. 



— ^ ~ hGu~^Xf; ~ hGu-^xL 

6Xf 6Xf 



(167) 



This property of the infinite generalization of a Bargmann-like representa- 
tion, combined with generating functional techniques, enables an explicit 
calculation of the matrix element of any observable O 



[i;x\^[Xf,Xf]\^p^)^^^ = OHhGfX}■l.Xf]{^Px\i^^] 



Lor ' 



(168) 



Hence, the existence of a function O signifies the existence the expectation 
value or matrix element corresponding to O. 
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8 Canonical equivalence to the Ashtekar variables 



We have provided a direct map from the fuU phase space ^Dual = (^ao ^t) 
of the dual theory to the nondegenerate sector of the full phase space of the 
Ashtekar variables flAsk = {(^l^^i) via the CDJ Ansatz = ^ae^l. By 
implementation of the Gauss' law and diffcomorphism constraints wc have 
reduced the dual theory to Oq, its kinematic phase space where we have 
computed the Hamiltonian dynamics. Subsequently, we have performed a 
quantization of Qq, obtaining a Hilbcrt space of states solving the quantum 
Hamiltonian constraint for A = 0. In this section we will demonstrate 
canonical equivalence of the dual theory to the Ashtekar theory via various 
routes, which should imply that the results obtained in the dual theory 
extend to certain regimes of the Ashtekar theory. Note that both theories at 
the unconstrained level share in common the Ashtekar connection Af as the 
configuration space variable. In what follows we will exploit the preservation 
of this property at all levels of reduction sequence. 

8.1 Map from to the reduced phase space of the Ashtekar 
variables 

First we will provide the map from to the Ashtekar theory. Since the 
dimension of the kinematic phase space is DimiVto) = 6 per point, then these 
degrees of freedom must map to six corresponding D.O.F. of the Ashtekar 
variables. We choose these D.O.F. on the reduced Ashtekar phase space, 
as the diagonal degrees of freedom. Starting from the commutation relations 
on Qq (using units where G = 1) 

[Xf{x, t), Ilg{y, t)] = (5^(5(3) (x, t) (169) 
with vanishing relations 

[x/(x,t),X5(y,t)] = [n;(x,t),ng(y,t)] =0, (170) 
perform the following change of variables 

X^ = \J^\ X^ = \4^\ X3 = lnf^), (171) 
where oq is a numerical constant with [oq] = 1. Then (169) is given by 



ln(i^M),n,(y,0] =(A-^)^(x,t)[A^(x,i),n,(2/,t)] =6l5^^\x,yin2) 
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where we restrict to nonvanishing A-^^. Multiplying (172) by Aj, we have the 
following equivalent relations^^ 

[Aj{x,t),Ug{y,t)] = dfAj{x,t)S^^\x,y) = 5lAl{y,t)5^^\x,y). (173) 

In (173) we have used that the only nontrivial contribution comes from f = g 
and X = y. We can now transfer Ag to the left hand side in the form 

[Aj{x,t),Ugiy,t){A-'rg{y,t)] = SfS^^Hx,y). (174) 

Equation (174) is justified by application of the Liebniz rule to the commu- 
tator, using = 0, to obtain (173). Equation (174) will constitute 
the starting point for mapping 0,q into Qa- 

Starting from the full Ashtekar phase space ^Ash = i^ii'^a): where Af 
is the self-dual Ashtekar connection and a* is the densitized triad, satisfying 
commutation relations 

[At{x,t),^i{y,t)]=5t6l6^'Hx,y), (175) 
let us perform the substitution 

ai = ^aeBi, (176) 

where "^ae £ 50(3, C) (g) SO{3, C) is in unreduced form. We will now de- 
compose into its symmetric and its antisymmetric parts 

3^i = *(ae)5i + *[ae]5i- (177) 

When diagonalizable, the symmetric part of *ae can be written as the 
50(3, C) rotation of its eigenvalues in a polar decomposition, which brings 
(176) into the form 

= {^'-^)ag\g{.e-'-^)geBl + e„edi?:^^. (178) 

We have parametrized the antisymmetric part of ^'ae as a 50(3, 0)-valued 
3- vector Performing a 50(3,C) rotation of both sides of (178), we have 

^■^Thc concept of multiplication of canonical commutation relations (C.C.R.) by canoni- 
cal variables is not new. This yields to aSine commutation relations, which have also been 
used by Klauder in [26]. In the present paper, the affine commutation relations (173) are 
an intermediate stage in the re-establishment of the link from the C.C.R. (169) of the dual 
theory back into to Ashtekar variables, whose commutation relations are canonical. 
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{e-'-^)gaK = \g{e-'-^)geBl + {e-^'^^aeaedBi^'d- (179) 

Let us now redefine the Ashtckar variables, adapted to the intrinsie 5*0(3, C) 
frame, defined as the frame where ^(ae) is diagonal. Hence we have 

Pl^ie-'-'^^aa^- {e-'-^),eBl^bl; = {e-'-^),f^'f. (180) 
Then the following relation holds 

{e~^''')9aeaedBi^lJd = {e-^'^)ga{e-^-^) fe{e-^-'^)hdeaedh)^h = e/g^6}V?^- (181) 

In (181) we have used the special orthogonal property that det(e~^ "^) = 1. 
Hence substituting (180) and (181) into (179), we have that 

PI = + ^9fhb)^h- (182) 

The result is that we have expressed (176) with respect to the intrinsic 
SO{2>,C) frame. On the diagonal subspace of the Ashtekar variables, the 
commutation relations (175) should be given by 

[A^(x,t),P|(y,t)] = 5fg8^^\x,y). (183) 
We will now perform the following map from fio 

A1 = 5^Al- \f = {A\AlAl)-^Ilf (184) 
for / = 1, 2, 3. Then the diagonal part of (182) is given by 

P'g = + egfhbjtPh- (185) 
Recalling the definition of the magnetic field (for deto / 0) 

hi = e'^^djal + (deta)(a-^)^ (186) 

one sees that for diagonal connections A^ = (5"A", the diagonal terms hg do 
not contain any spatial gradients. Take the 1 component of (185) without 
loss of generality, where the remaining components follow by cyclic permu- 
tation of indices 
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Pi = X,b\ + 61^3 - bli>2 = Xi{d2Al - dsAl + AlAl - AIaD 
+M92AI - d^Al + A'iAi - A'^Al) - V'2(92Ai - d^Al + A^^l - AlAl)(,m) 



The phase space = {Xf,H^) already has a cotangent bundle structure, 
with 6 degrees of freedom per point. The configuration space Tq maps 
directly to the three diagonal components of the Ashtekar connection, which 
in turn can be canonically conjugate only to the three diagonal components 
of the densitized triad in the intrinsic 50(3, C) frame. Hence we will set the 
off-diagonal components of A'^ in (187) to zero, yielding 



Equation (188) violates the commutation relations (183) even on the diago- 
nal subspace, due to the spatial gradient terms. To avoid this contradiction 
a necessary and sufficient condition that (188) is that ■02 = V'a = 0- Setting 
V'd = for d = 1, 2, 3, we can now write (188) as^^ 



[^{x,t),PI{y,t)]r, = Sfd(^\x,y) = [^^(x, t), n,(y, i)(^-i)^(y, t)] ,(190) 



which is the same as (174). The result is that CIq, the reduced phase space of 
the dual theory, is canonically equivalent to ^Ash restricted to the diagonal 
subspace.^^ 

8.2 Map from the full Ashtekar variables to the kinematic 
phase space of the dual theory 

We will now prove, using the unconstrained Ashtekar theory as a starting 
point, that the map to Qq requires as a necessary and sufficient condition 
the implementation of the kinematic initial value constraints. The canonical 
commutation relations for the Ashtekar variables are given by 

^^Recall that tpd = is precisely the condition that the diffeomorphism constraint 
be satisfied. Hence we have shown that this is consistent with the configuration space 
reduction to diagonal A". 

^® Since the corresponding unreduced theories are also equivalent, then this implies that 
the dual theory could serve as a mechanism for obtaining the reduced phase space for 
Ashtekar's gravity on the constraint shell. 



Pi = XiAlAl - MdsAl) - Md2Al). 



(188) 




(189) 



Hence we have that 
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(191) 



where we have omitted the time dependence to avoid cluttering up the no- 
tation. Let us now substitute the CDJ Ansatz a* = ^aeBl into (191) 

[A1{x),-^MB{{y)\ = 5t6id(^\x,y). (192) 
We will now multiply (192) by Aj{y) in the following form 

[Af{x),^Uy)Bi{y)A'^j{y)] = S^A^iy)S(^Hx,y), (193) 

which is allowed since [A",ylj] = for the Ashtekar connection. Define the 
magnetic helicity density matrix Cce = AjBi, written in component form as 

Cce = e'^^AidjAl + 5ce{detA), (194) 

which has a diagonal part free of spatial gradients and an off-diagonal part 
containing spatial gradients. Then the commutation relations read 

[A'i{x),^,,{y)Cce{y)\ = 5tAt{y)5^^\x,y). (195) 

The kinematic configuration space Vkiti must have three degrees of freedom 
per point. Let us choose, without loss of generality, for these D.O.F. to be 
the three diagonal elements A" = 5f Then we can set o = i in (195) to 
obtain 

[Al{x),-^Uy)Cce{y)\ = 5tAl{y)5^'^\x,y). (196) 

Since Af is diagonal by supposition, then the only nontrivial contribution to 
(196) occurs for a = c. Since a = h also is the only nontrivial contribution, 
it follows that 6 = c as well. Hence the commutation relations for diagonal 
connection are given by 

[Al{xl ^MCUy)] = StSAl{y)S^^^ {x, y). (197) 

Substituting (194) subject to a diagonal connection into (197) wc have 

^^This is nine total degrees of freedom, minus three corresponding to Ga, and minus 
three corresponding to Hi. 
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3 

J2[AUx),^be{y)Sbe{<ietA)] 

e=l 

3 

+ J2[K{^),^be{yy''4djAl] = 6tAt{y)S('\x,y), (198) 

e=l 

which has spht up into two terms. Wc have been exphcit in putting in the 
summation symbol to indicate that e is a dummy index, while a and b are 
not. There are two cases to consider, e = b and e ^ b. For e ^ b the first 
term of (198) vanishes, leaving remaining the second term. Since the right 
hand side stays the same, then this would correspond to the commutation 
relations for a CDJ matrix whose diagonal components are zero. For the 
second possibility e = b the second term of (198) vanishes while the first term 
survives, with the right hand side the same as before. This case occurs only 
if the CDJ matrix is diagonal. Let us choose = Diag{Xi, X2, X3) as 
the diagonal matrix of eigenvalues,^^ then (198) reduces to 

[Alix),\b{y){detAiy))] = 6tAliy)S^^^ix,y). (199) 

The conclusion is that in order for (199) to have arisen from (191), that: (i) 
The antisymmetric part of must be zero, namely, the diffeomorphism 
constraint must be satisfied, (ii) The symmetric off-diagonal part of "i/ae 
is not part of the commutation relations on the diffeomorphism invariant 
phase space ^diff- Given the eigenvalues A/ on this space, the Gauss' law 
constraint can be solved separately from the quantization process. The 
choice of diagonal A*^ is consistent with the implementation of the kinematic 
constraints, which means that only the Hamiltonian constraint is necessary 
to obtain the physical phase space ^phys- 

Equation (199) are not canonical commutation relations owing to the 
field-dependence on the right hand side.^^ However, they can be transformed 
into canonical commutation relations using the following change of variables 
A« = aoe^" for a = 1, 2, 3. This yields 

[e^"(-),A6(y)(det^(y))] = e^"(-) [X"(x), A6(y)(det^(2/))] = Ste''''^y^S^'\x,y%200) 

^'^This places one into the intrinsic 50(3, C) frame. Note that we may regard the Gauss' 
law constraint Ga as already implemented in this frame, since it is a map from A/ to the 
SO {3, C) angles d and not a constraint of A/. 

^*While (199) are not canonical commutation relations, they are afHne commutation 
relations which serve as an intermediate step in the formulation of canonical commutation 
relations. AfRne commutation relations have been used by Klauder in [26] in the affine 
quantum gravity programme, and are viable as well in the present case. 
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Since the only nontrivial contribution to (200) comes from x = y, we can 
cancel the pre-factor of e-^" from both sides. Defining dcnsitizcd eigenvalues 
Ilfo = Xb{detA) as the fundamental momentum space variables, we have that 
the canonical version of (199) is given by 

[X%x)My)]=6td^^Hx,y), (201) 

The coordinate ranges are oo < \Xf\ < oo, which corresponds to < 
l^^l < oo, which is a subset of the latter. To utilize the full range of A'^, 
which includes the degenerate cases, one may instead use (199). We have 
shown that ^Kin of the instanton representation admits a cotangent bundle 
structure with diagonal connection A'^{x). It happens from (191) that A'^{x) 
is canonically conjugate to ^^i^)- Since the instanton representation maps 
to the Ashtekar formalism and vice versa on the unreduced phase space for 
nondegenerate , it follows that (201) corresponds as well to the kinematic 
phase space of the Ashtekar variables for (detA) 7^ 0, six phase space degrees 
of freedom per point, where the variables are diagonal. The bonus is that 
all the kinematic constraints have been implemented, leaving behind the 
Hamiltonian constraint which in the instanton representation is easy to solve. 

We have shown that a nondegenerate and diagonal Af admits globally 
holonomic coordinates in the reduced theory. Since A^ serves also as the 
configuration variable for the Ashtekar phase space J^As/d it follows that on 
this subspace the densitized triad must also be nondegenerate. Hence 

[Af{x,t),al{y,t)]=5f6^'Hx,y)- (202) 

The conclusion is that the kinematic phase space of the dual theory must cor- 
respond the reduced phase under {Ga, Hi) of the Ashtekar theory, restricted 
to nondegenerate triads. Note in both phase spaces that the cotangent bun- 
dle structure has been preserved, and the two theories arc equivalent when 
restricted to these configurations. The bonus is that we have now imple- 
mented the initial value constraints, computed the dynamics performed a 
quantization, and have constructed a Hilbert space using the dual theory. 

8.3 Verification of the initial value constraints 

We will now prove that the Hamiltonian constraint on 0,q maps directly into 
the Hamiltonian constraint on ^Ij^gh-'^^ The Hamiltonian constraint on the 
kinematic phase space of the dual theory is given by 

^^Note that this is the full Hamiltonian constraint on the diffeomorphism constraint 
shell. 
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NH = iVf/ao^'e^/Vninznaf-^ + TT + TT 

Mil ^^2 i^S 

= Ar[/(aia2a3)'/' Vnln^f + + :;^) . (203) 

Mil iJ^2 i^S^ 

Note that there are spatial gradients of the diagonal variables in the magnetic 
field through the U dependence of (203) . Putting the components a" into a 
diagonal matrix 



Li Mka „a 1 Jjk fabc„b„c 



where a = 1, 2, 3 are internal indices and i = 1, 2, 3 are spatial with a/ 7^ 0, 
and 6^ is the magnetic field for a", seen as a gauge connection (note that 
af is not spatially constant and contains three degrees of freedom per point. 
Therefore we are dealing with the full theory and not minisuperspace. Hence 
(203) is given by 




NH = N{detb) 



1/2 



(aia2a3)-3/Vnin2n3(-^ + + -^). (204) 

Mil ii2 1^3^ 



Diag{a) 



The notation in (204) signifies that it is restricted to diagonal connec- 
tions A J = af. Note that this restriction does not affect the momentum- 
dependent terms, which are the objects directly constrained by the Hamil- 
tonian constraint. Substituting 11^ = (010203) from (184) into (204), we 
have 



NH = iV(det6)i/VAiA2A3f^ + ^ + ^) • (205) 

\ Ai A2 A3 / 

Note that (205) is composed of the determinant and the trace of '^(^ae)i ^iid 
is therefore 50(3, C) invariant. So we can perform the following change of 
variables 



*(ae) = (e^-^)a/A/(e-^-^)ye; = {e'-^)aeh\ (206) 

where Q can be chosen arbitrarily. The Hamiltonian constraint at this level, 
where the diffeomorphism constraint has already been implemented, is trans- 
parent to the D.O.F. in d. Using the cyclic property of the trace, (205) is 
the same as 
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NH = iVVdet5Vdet*tr*-^ 



(207) 



The notation in (207) signifies that ^'^e is restricted to symmetric matri- 
ces and that 5* is restricted to those magnetic field obtainable from the 

diagonal a" by 50(3, C) transformation. So we can define a connection 
corresponding to = i?* [yl], which is the gauge transformed version of a" 
into the 50(3, C) frame 9 



A- ^ {e'-^)aeal + -/'\e'-^\fd.{e'-^),s. (208) 

Note at the level of (206) that both and A^ contain six degrees of 
freedom per point. Three of those D.O.F. arc due to the angles 0, which 
are unphysical. These three D.O.F. can be eliminated by imposition of the 
Gauss' law constraint, reducing us back to the kinematic phase space Oq- 
The restrictions on and can be lifted to bring us from 6 to 9 D.O.F. 
each by appending to an antisymmetric part 

/ Ai \ 

*ae = (e^-^)a/ A2 (e-^-^)pe + ^aed'^'^ 

and replacing by an arbitrary symmetric matrix 




<=| ai2 a22 a23 ]; 4" = (e'-^)aea,^ + ^^''''(^'■^^^(O^^ 

This is a polar decomposition of ^'^g, where is a 50(3, C) 3-vector 
parametrizing the antisymmetric part, as well as a polar decomposition of 
A", which is the gauge transformation of a^. Having increased the phase 
space to 18 D.O.F., we must now impose constrain it in order to obtain 
the kinematic phase space. This can be accomplished by requiring that the 
antisymmetric part of ^'ae vanish using a constraint 



= d^xeijkN'BiBl^>ae = 0. (209) 

The to obtain the reduced phase space under just diffeomorphisms, one in 
conjunction with (209) must remember to set 012 = 023 = 031 = and then 
one is left with the Gauss' law and Hamiltonian constraints. The Gauss' 

law constraint is given by 
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(210) 



which is used to ehminatc the degrees of freedom in 9. This simultaneously 
reduces and A'^ by another three D.O.F. to obtain the kinematic phase 
space. 

We can now go back and rephrase the above in the language of the 
Ashtekar variables. Using the CDJ Ansatz (177) subject to a diagonal CDJ 
matrix and a diagonal baseline connection, then (207) becomes 



NH = iVVdit?(5-i)»5^ = -^{deta){a-^)lBl. (211) 

V deter 

Using the properties of the determinant of nondegenerate three by three 
matrices, we have that 



HN = \e,,ke^"^alaiB'; (212) 

where we have defined the 'dcnsitizcd' lapse density function N_ = A^(detCT)~'^/^. 
Equation (212) is the Hamiltonian constraint in the Ashtekar variables, re- 
stricted to the set of connections obtainable from the diagonal connections 
by 5*0(3, C) rotation, and restricted to the set of symmetric CDJ matri- 
ces "^ac- We will now prove that this corresponds to the difFeomorphism 
invariant phase space. 

The diffeomorphism constraint in the Ashtekar variables is given by 



H, = e^^k^iBl (213) 

Now substitute (177) into (213). Due to antisymmetry, the symmetric part 
of ^ae drops out and we are left with 



Hi = eijkN^B^eaed^ae = 0. (214) 

which arises from varying iV* in (209). The final result is that there is 

a well-defined map between the kinematic phase space of the dual theory 
and the reduced phase space of the Ashtekar variables, as well as from the 
former to the full unconstrained theory both in the dual and in the Ashtekar 
case. Moreover, the kinematic phase space is Dirac consistent, admits a 
quantization and classical dynamics. 
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8.4 Map to the unreduced dual theory 



To obtain the unreduced dual theory from its kinematic version (100) it 
suffices to augment the variables, appending terms corresponding to the 
Gauss' law and diffeomorphism constraints. The canonical one form on 
is given by 

Go = J d^xIlf{x)5X-^{x) = J (fx^Xia2a36ai + X2a3ai6a2 + A3aia2(^a3j(.215) 

To see where (215) could potentially have originated from, consider the 
canonical one form on the unreduced phase space ^oual 

Oinst = I d^X^aeBiSAt = [ d^X^JAI. (216) 

Peform the decomposition (178) on the left hand side of (216), yielding an 
integrand 

^aeBl6At = Xf{{e-'-^)feBl){{e-'-'')fa6A^) + e^ei^dBl5Al (217) 
Next, write (217) in the intrinsic 50(3, C) frame 



Using Xf = (aia2a3)~^nj, we have 



(218) 



n/(aia2a3)-i (e'^\6a{)djal + {deia){a-%6a{) + edaei'dKSal (219) 

Application of the diffeomorphism constraint implies = 0, which makes 
the second term of (219) vanish. Let us now expand the part of the term in 
brackets involving spatial gradients. Taking the / = 1 component without 
loss of generality, this is given by 



iSa\{d2al - dsal) + 6al{d3a\ - dial) + dal{dial - dial). (220) 

Note that for diagonal af, (220) vanishes. The result is that restricted to 
a diagonal connection in the intrinsic diffeomorphism invariant S0(3,C) 
frame, (216) reduces to (215) which in turn admits a quantization and a 
Hilbert space structure. All that remains is to extend the Hamiltonian 
constraint (207) to include and antisymmetric ^ae, which is actually what 
we started from in (45). The result is thus a map between the full Ashtekar 
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variables and its corresponding reduced phase space via the dual theory. 
The unreduced dual theory is given by 

-eijuN^BiBl^ae - iiV(detS)^/Vdet*(A + tr*-^) , (221) 

which as we have shown follows from the Pleanski action. Using (73) and 
the symmetric properties of the four dimensional epsilon tensor this can be 
written as 

iDual = J^d\{^^aeF^,F^^,e'^-''- 

+ {BiAf - eijkN'BiB^)^ae - ^(A + tr*-^) , (222) 

where we have absorbed the Gauss' law constraint into the definition of the 
covariant curvature. 
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9 Summary 



The this paper we have shown the fohowing things. From the starting 
Plebanski action which imphes the Einstein equations, there are two the- 
ories that can result. There is the Ashtekar theory based on the phase 
space ^Ash = (3",* ! Af ) and there is a dual theory based on the phase space 
(\I'ae,^")- The momentum space variables for both theories originated at 
the Plebanski level as auxilliary fields. We have shown that the dual theory 
is consistent in the Dirac sense since its constraints algebra closes. Next we 
performed a reduction to the kinematical phase space of the reduced theory 
by implementing the Gauss' law and the diffeomorphism constraints. Since 
the initial value constraints in the reduced theory constrain only the mo- 
mentum space, we were free to choose diagonal configuration space variables 
canonically conjugate to the eigenvalues of ^ae- Next, we demonstrated that 
the dual theory implies the Einstein field equations provided that the initial 
value constraints are satisfied. Implementation of the kinematic parts of 
these constraints led us to the kinematic phase space were we computed the 
corresponding Lagrangian and Hamiltonian dynamics of the theory. One 
result is that we were able to construct a Hamilton-Jacobi functional on 
the spatial boundary of spacetime by holographic projection of the physical 
degrees of freedom. Additionally, we verified the Dirac consistency of the 
constraints algebra even after projection to this kinematic phase space. 

We then performed a quantization of the kinematic phase space, con- 
structing a Hilbert space of normalizable constraints sannihilated by the 
quantum Hamiltonian constraint. The states are labelled by two eigenvalues 
of ^ae, and have the same form implied by the Hamilton-Jacobi functional. 
Lastly, we clarified the relationship between of the canonical structure of 
the reduced dual theory to its counterpart in the Ashtekar variables, as well 
as its relation to the unreduced theories. According to our analysis the dual 
theory provides a direct route from the full Ashtekar theory to a reduced 
phase space on the nondegenerate sector via implementation of the initial 
value constraints. 
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10 Appendix A: Expansion of the determinant on 
diagonal configurations 



It is convenient to factor out the leading order behaviour of the determinant 
of the connection from the Ashtekar magnetic field as 



where U will be determined. The Ashtekar magnetic field is given by 



In (224), /* = e^^^djA^ refers to the 'abelian' part and the second term is 
a correction due to nonabeliantiy. We have used the fact that the SU{2)- 
structure constants fabc = ^abc are numerically the same as the Cartesian 
epsilon symbol in order to write the determinant, which also assumes that 
is nondegenerate. Putting (224) into the expansion of the determinant, 
we have 



deiB = leij^e'^'^ifl + (det^)(^-i)^) {fl + {detA){A-^)i) {f^ + {detA){A-^)^,) 

= det/ + {detAf + ^e,jke^''^[rjliA-y^{detA) + flAf idetA)-'p25) 



On diagonal connections the second term in (230) in square brackets van- 
ishes, since 



AU'a = e'^^A-djAl = e'^\51ai)d,{5l^k) = e'^^'^aadjUa = (226) 



on account of the antisymmetry of the epsilon symbol. We must now expand 
the first term in square brackets, evaluated on diagonal connections. Hence 
we have 



(dct5) = (UdetA)^, 



(223) 



Bi = e'^%Al + ^e'J'^U.A'^.Al ^fi + idetA){A-y^. 



(224) 



leij,e'^''^rjl{A-'t{detA) = ^^e,,,e''^"^e^'^e,MlAfAl, 
= \ [fair - fTfl) [AUl - K.A\) 



= \{{faA'if-fTAUiAl). (227) 
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The first term on the right hand side of (227) vanishes on diagonal connec- 
tions as proven in (226). The second term is given by 



fiAlf^A'i = e''^di{6ajaaW^aa)e^''^'dASbj'a,){Sfa,) 



= € 



bia ^ai'b 



e''''ab{diaa)aad,ab = --e-^^"''(5,a^)(5,a^) 



(228) 



where we have relabelled indices i' — )■ j on the last term. The only nontrivial 
contribution to (228) occurs for i = j, which yields 



1 ^ 



i=l 



(229) 



The determinant of the Ashtekar magnetic field for a diagonal connection, 
which constitutes the kinematic configuration space, is given by 

(deti?) = (AlAlAlf + id2Al)id3A\)id2Al) - {dsADidiADid^Al) 
+{AlAl){d,Al){d,Al) + {AlA\){d2Al){d2A\) + {AlAl){dsAl){dsAl) 

= age^^ l + a^^e-^{{d2X^){dsX'){diX^) - {dsX^){diX^){d2X')) 

+a^'[e-'''\d,X'){d,X') + e-'''\d2X'){d2X') + e-'''\dsX'){d,X^) 

= ayV(,230) 

where we have defined T = X^ + X'^ + X^. The end result in the full theory 
is that 



detS = (deta)^ + r[5a], 



where we have defined 



r = (det/)2-ij;7,„6(5iaD(5.«6)- 



i=l 



This fixes the definition of U as 



(231) 



(232) 



U= Vl + r(det^)-2. 



(233) 
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